Abstract. In this paper, we study the set of absolute continuity of p-harmonic measure, µ, and (n − 1)−dimensional Hausdorff measure,
support of ω. In particular, if Ω ⊂ R 2 is simply connected domain in the plane then ω ≪ H λ where λ(r) := r exp C log 1 r log log log 1 r
for sufficiently large C. Here "≪" stands for absolute continuity of the measures and we use"⊥" to denote measures are singular and H λ denotes the Hausdorff measure with respect to the function λ (see (1.4) for definition of H λ ). In [11] , it is also shown that this result is sharp in the following sense; there is an example of a simply connected domain for which ω ⊥ H λ whenever C is sufficiently small in the definition of λ. In higher dimensions, due to examples of Ziemer in [14] and Wu in [13] , neither H n | ∂Ω ≪ ω nor ω ≪ H n | ∂Ω are true in general without imposing extra topological or nontopological conditions on ∂Ω. In [5] , David and Jerison prove that if Ω is a non-tangentially accessible (NTA for short and see definition 2.1) domain and ∂Ω is Ahlfors-David regular (ADR for short and see definition 2.5) then harmonic measure is mutually absolutely continuous on ∂Ω with respect to surface measure, in fact they are A ∞ −equivalent (see [1] ). In [3] , Badger considers the same problem by relaxing ADR property by H n−1 (∂Ω) < ∞ and proves that H n−1 ≪ ω on ∂Ω. Moreover, he also shows that ω ≪ H n−1 ≪ ω on the set A ⊂ ∂Ω where
H n−1 (∆(x, r)) r n−1 < ∞ .
Here ∆(x, r) = B(x, r) ∩ ∂Ω. Badger also conjectures that when Ω is NTA domain then the same result holds not only on A ⊂ ∂Ω but on the whole ∂Ω (see Conjecture 1.3 in [3] ). However, it turns out that this is not true in general. In fact, in [2] , Azzam, Mourgoglou, and Tolsa construct an example of a Reifenberg flat domain (see definition 2.3) Ω in R n , n ≥ 3 with H n−1 (∂Ω) < ∞ and a Borel set E ⊂ ∂Ω such that ω(E) > 0 = H n−1 (E).
One can consider the same problem for the p-harmonic measure associated with a positive weak solution to p-Laplace equation for 1 < p = 2 < ∞. To define p-harmonic measure and p-Laplace equation, we let Ω ⊂ R n be a domain and let N be a neighborhood of ∂Ω. Fix p, 1 < p < ∞, and suppose thatû is a positive weak solution to the p-Laplace equation in Ω ∩ N . That is,û ∈ W 1,p (Ω ∩ N ) and |∇û| p−2 ∇û, ∇θ dx = 0 (1.1) whenever θ ∈ W 1,p 0 (Ω ∩ N ). Equivalently, we say thatû is p-harmonic in Ω ∩ N . Observe that ifû is smooth and ∇û = 0 in Ω ∩ N then
in the classical sense, where ∇· denotes divergence. We assume thatû has zero boundary values on ∂Ω ∩ N in the Sobolev sense. More specifically, if
Extendû to N by puttingû ≡ 0 on N \ Ω. Thenû ∈ W 1,p (N ) and it follows from (1.1), as in [6, Chapter 21] , that there exists a finite positive Borel measureμ on R n with support contained in ∂Ω ∩ N satisfying
whenever φ ∈ C ∞ 0 (N ). Existence ofμ follows from the maximum principle, basic Caccioppoli inequalities forû and the Riesz representation theorem for positive linear functional. We note that if ∂Ω is smooth enough and ∇u = 0 in Ω, then dμ = |∇û| p−1 dH n−1 | ∂Ω∩N . Moreover, nonlinear structure of this pde makes it difficult to work with.
We next introduce the notion of the Hausdorff dimension of a measure. To this end, letr 0 > 0 be given, and let 0 < δ <r 0 be fixed. Let λ : [0, ∞) → [0, ∞) be a non-decreasing function with λ(0) = 0. Let d(·) denote the diameter of a set. For a given Borel set E ⊂ R n , we define (δ, λ)−Hausdorff content of E in the usual way;
Then the Hausdorff measure of E is defined by
In case λ(r) = r α we write H α for H λ . The Hausdorff dimension ofμ, denoted by H − dimμ, is defined by
We return to our study of singular sets of p-harmonic measure with respect to H n−1 measure on the boundary of certain domains. The natural candidates, i.e, snowflake type domains which give sharpness in the harmonic case shown by Makarov, do not provide sharpness as it is observed in [4] under the p-harmonic setting. On the other hand, result of David and Jerison described above for harmonic measure is extended to p-harmonic setting for 1 < p = 2 < ∞ by Lewis and Nyström in [10] . To state this result, we let Ω ⊂ R n be a bounded NTA domain with constants M, r 0 whose boundary is ADR. Let u be p-harmonic in Ω ∩ B(w, 4r), w ∈ ∂Ω, 0 < r < r 0 and continuous inΩ ∩ B(w, 4r) with u ≡ 0 on ∆(w, 4r). Extend u to B(w, 4r) by defining u ≡ 0 on B(w, 4r) \ Ω and let µ be the p-harmonic measure as in (1.2) associated with u. Then it is shown in [10, Proposition 3.4] that µ ≪ H n−1 ≪ µ on ∂Ω, in fact they are A ∞ −equivalent. Moreover, it also is proven in [10] that Badger's result holds under the p-harmonic setting; if Ω is NTA domain then µ ≪ H n−1 ≪ µ on the set A ′ ⊂ ∆(w, 4r) ⊂ ∂Ω where
The first main result proved in this paper is that there are examples of domains for which absolute continuity of p-harmonic measure and (n − 1)−dimensional Hausdorff measure does not hold when the domain is NTA, not even locally flat in the sense of Reifenberg. Theorem 1.5. Let p be fixed with 2 < p < ∞ and n ≥ 2. Then there exist a (δ, ∞)−Reifenberg flat domain Ω ⊂ R n such that H n−1 | ∂Ω is a Radon measure and if u is the p-harmonic function in Ω with continuous zero boundary value on ∂Ω and µ is the p-harmonic measure associated with u as in (1.2) then there exists a Borel set K ⊂ ∂Ω such that
The second result we obtain in this paper concerns existence of such domains when p ∈ (1, 2). In this case we use a result from [8] to conclude that there exist Wolff snowflakes such that the sign of certain integral in the Wolff's program is independent of p when p is in an open interval containing 2. In order to show such a relation, in [8] , Lewis, Nyström, and Vogel "perturb" off the p = 2 case from [12, 9] . Note that results in [12, 9] are valid only when n ≥ 3. We now state our second result. Theorem 1.6. Let p be fixed, 2 − η < p < 2 for some η > 0. Then there exists a (δ, ∞)−Reifenberg flat domainΩ ⊂ R n , n ≥ 3, such that H n−1 | ∂Ω is a Radon measure. Moreover, ifũ is the p-harmonic function inΩ with continuous zero boundary value on ∂Ω and ifμ is the p-harmonic measure associated withũ as in (1.2) then there also exists a Borel setK ⊂ ∂Ω such thatμ
As plan of this paper, we state definition of non-tangentially accessible domains, Reifenberg flatness, Ahlfors-David regularity, and we give some lemmas concerning the regularity of p-harmonic function in NTA domains in section 2. We give construction of Wolff snowflake in section 3. Following [2] we construct "enlarged domain Ω + ǫ " from certain domain Ω and using some results from [8] concerning the dimension of p-harmonic measure, we give a proof of Theorem 1.5 in section 4. In section 5, we give a short description of Wolff's program from [12, 9] to construct Wolff snowflakes with certain properties. Then we make some observations when p fixed is in an open interval containing 2 and give a proof of Theorem 1.6.
Definitions and preparatory lemmas
Some notations and definitions are in order to proceed. In the sequel, c will denote a positive constant ≥ 1 (not necessarily the same at each occurrence), which may depend only on p, n, unless otherwise stated. In general, c(a 1 , ..., a n ) denotes a positive constant ≥ 1 which may depend only on p, n, a 1 , ..., a n not necessarily the same at each occurrence.
Let x = (x 1 , . . . , x n ) denote points in R n and let E = cl(E), intE, ∂E, and E c be the closure, interior, boundary, and the complement of the set E ⊂ R n respectively. Let diam(E) be the diameter of a set E. Let ·, · be the usual inner product in R n . Let d(E, F ) denote the usual distance between the sets E and F and let d H (E, F ) denote the Hausdorff distance between the sets E and F which is defined by;
Let B(x, r) be the usual open ball centered at x with radius r > 0 in R n and let dx denote the Lebesque n−measure in R n . Let ∆(w, r) = ∂Ω ∩ B(w, r). For a given number t > and a cube Q, let l(Q) be the side length of Q and let tQ denote the cube whose side length is tl(Q) with the same center as Q.
We state the notion of non-tangentially accessible domain which is initially introduced by Jerison and Kenig in [7] . (i) Corkscrew condition: for any w ∈ ∂Ω, 0 < r < r 0 , there exists a r (w) ∈ Ω satisfying M −1 r < |a r (w) − w| < r and M −1 r < d(a r (w), ∂Ω).
(ii) R n \ Ω satisfies corkscrew condition.
(iii) Uniform condition: if w ∈ ∂Ω, 0 < r < r 0 , and w 1 , w 2 ∈ B(w, r) ∩ Ω then there exists a rectifiable curve γ :
We use the definition of this notion given in [10] . Note that (iii) of definition 2.1 is different but equivalent to the Harnack chain condition given in [7] .
Next we give the definition of Reifenberg flatness from [2] .
Let Ω be a domain and r 0 , δ > 0 with 0 < δ < 1/2. Then Ω is said to be (δ, r 0 )-Reifenberg flat provided that the following two conditions hold.
(i) For every w ∈ ∂Ω and every 0 < r < r 0 there exists a a hyperplane P(w, r) containing w such that
(ii) For every x ∈ ∂Ω, one of the connected components of
is contained in Ω and the other is contained in R n \ Ω.
We say that Ω is (δ, ∞)-Reifenberg flat if it is (δ, r 0 )-Reifenberg flat for every r 0 > 0.
Remark 2.4. An equivalent definition of Reifenberg flatness is given in [10] and it is remarked that these two definitions are equivalent(see observation after the Definition 1.2 in [10] ). Definition 2.5 (Ahlfors-David regular set). We say that ∂Ω is ndimensional Ahlfors-David regular (ADR) if there is some uniform constant
We next give some estimates from [8] when n ≥ 3 and from [4] when n = 2 given under the p-harmonic settings (see Lemmas 3.2-3.6 in [8] and Lemmas 2.6, 2.7, 2.13, 2.14 in [4] ). For Lemmas 2.6-2.8, let p be fixed with 1 < p = 2 < ∞. u.
Moreover, there exists β = β(p, n) ∈ (0, 1) such that if x, y ∈ B(w, r) then
For lemmas 2.7-2.8 let Ω be an NTA domain in R n and let w ∈ ∂Ω, 0 < r < r 0 .
Lemma 2.7. Suppose that u is non-negative continuous p-harmonic function inΩ∩B(w, 4r) and u = 0 on ∆(w, 4r). u.
If ∇u(ŵ) = 0 then u is real analytic in a neighborhood ofŵ.
Next lemma gives a relation between the p-harmonic function and the p-harmonic measure.
Lemma 2.8. Suppose that u is non-negative continuous p-harmonic function inΩ∩B(w,
where ar(w) is as in definition 2.1.
Construction of Wolff Snowflakes
In this section, following [8] when n ≥ 3 and [4] when n = 2, we describe the construction of Wolff snowflakes in R n which is originally introduced by Wolff in [12] . To this end, let
Then Q(r) is a (n − 1)−dimensional cube with side length r and centered at 0. Let φ : R n−1 → R be a piecewise linear function with support contained in {x ′ : |x ′ | < 1/2} satisfying
For fixed large N , define ψ(x ′ ) = N −1 φ(N x ′ ). Let b > 0 be a small constant and let Q be an (n − 1) dimensional cube with center a Q and length l(Q) contained in some hyperplane. Let cch(E) denote the closed convex hull. Let e be a unit normal to Q and define
We set e = −e n for Q(1). We also define
We assume that N = N (b, M ) is so large that
From the construction, it can be easily seen that
consists of a finite number of (n − 1) dimensional faces. We fix a Whitney decomposition of each face; we divide each face of ∂ into (n−1)−dimensional cube Q, with side lengths 8 −k , k = 1, 2, . . . , and 8 −k ≈ to their distance from the edges of the face they lie on. We next choose a distinguished (n − 2)−dimensional "side" for each (n − 1)−dimensional cube.
Suppose Ω is a domain and Q ⊂ ∂Ω is an (n − 1)−dimensional cube with distinguished side γ. Let e be a unit normal to ∂Ω on Q and assume that P Q ∩ Ω = Ø andP ⊂ Ω. We form a new domainΩ as follows. Let T be the conformal affine map, i.e., composition of a translation, dilation, and rotation with T (Q(1)) = Q which fixes dilation, T (0) = a Q which fixes translation, T ({x ∈ ∂Q(1) : x 1 = 1/2}) and T (−e n ) in the direction of e which fixes rotation. Let Λ Q = T (Λ) and ∂ Q = T (∂). Then we defineΩ through the relationsΩ
. Note that ∂ Q inherits from ∂ a natural subdivision into Whitney cubes with distinguished sides. This process is called "adding a blip to Ω along Q".
To use the process of "adding a blip" to construct a Wolff snowflake Ω ∞ , starting from Ω 0 , we first add blip to Ω 0 along Q(1) obtaining a new domain Ω 1 . We then inherit a subdivision of ∂Ω 1 ∩ (P Q(1) ∩P Q(1) ) into Whitney cubes with distinguished sides, together with a finite set of edges E 1 (the edges of the faces of the graph are not in the Whitney cubes). Let G 1 be the set of all Whitney cubes in the subdivision. Then Ω 2 is obtained from Ω 1 by adding blip along each Q ∈ G 1 . From this process, we inherit a family of cubes G 2 ⊂ ∂Ω 2 (each with a distinguished side) and a set of edges E 2 ⊂ ∂Ω 2 of σ−finite H n−2 measure. Continuing by induction we get
If N = N (b, M ) is large enough, then Ω m → Ω ∞ in the Hausdorff distance sense. We call Ω ∞ a Wolff snowflake. We state a result from [8] which says that Wolff snowkflakes are locally flat in the sense of Reifenberg. 
Proof of Theorem 1.5
In this section we give a proof of Theorem 1.5 using some results from [8, 2] . To this end, let Ω ∞ be a Wolff snowflake with constants θ 0 , N as described in section 3. For fixed p, 1 < p = 2 < ∞, let u ∞ be the unique positive p-harmonic function in Ω ∞ with continuous boundary value zero on ∂Ω ∞ and |x n − u ∞ (x)| → 0 uniformly as |x| → ∞. Let µ ∞ be p-harmonic measure associated with u ∞ as in (1.2 In [8] , it is shown that Wolff's program in [12] can also be made to work under the p-harmonic setting and is observed that certain integral has sign(see integral in (5.3) and [8, section 6] for more details). The following lemma can be easily deduced by combining Lemma 7.4 and Proposition 7.6 from [8] when n ≥ 3 and combining Lemma 3.23 and Theorem 1 from [4] when n = 2. Lemma 4.1. Let p be fixed, 2 < p < ∞, and let Ω ′ ∞ and µ ′ ∞ be described as above. Then for some d > 0 we have
We are now ready to prove Theorem 1.5. Under the p-harmonic setting, we closely follow the arguments given in [2] after Theorem 4.3. We first observe from Lemma 4.1, more specifically from the fact H − dim µ ′ ∞ ≤ d < n − 1, and the definition of Hausdorff dimension of p-harmonic measure that there is a Borel set E ⊂ ∂Ω ′ ∞ such that µ ′ ∞ (R n \ E) = 0 and H d (E) = 0. From this observation and once again from lemma 4.1 we also have
For ease of notation we let
From (4.2) it follows that for α, 0 < α < n − 1 − d one can find small enough ρ such that µ ′ ∞ (E 1 ) > 0 where
We next fix a point ζ 0 ∈ E 1 . By the regularity of p-harmonic measure we can find ρ 0 ∈ (0, ρ] and a compact set K ⊂ E 1 ∩ B(ζ 0 , ρ 0 ) such that for all x ∈ K and r ∈ (0, ρ 0 ) with the following property
for all x ∈ K and r ∈ (0, ρ 0 ).
For a given number t, 4 ≤ t, and given open set O ⊂ R n−1 we use W t (O) to denote the set of maximal dyadic cubes Q ⊂ O satisfying tQ ∩ Q c = Ø. Let 0 < ǫ < 1/100 and let I be the family of cubes Q ∈ W ǫ −2 (K c ) such that
For each Q ∈ I, fix some point z Q ∈ Q∩∂Ω ′ ∞ . We then define a new domain Ω + ǫ by
It 
Proof of Theorem 1.6
To discuss the matter when 1 < p < 2, we give a short description of Wolff's program from [8] and then make some observations. To this end, let p be fixed and definê
for some functionθ and constant ǫ > 0. Letû(·, ǫ) be the positive pharmonic function inΩ with continuous zero boundary value on ∂Ω and |x n −û(x, ǫ)| → 0 uniformly as |x| → ∞, x ∈Ω. Let
Whenθ ∈ C ∞ 0 (R n−1 ) then in [8] , it is shown that I(0) = 0, I ′ (0) = 0, and
where ∇ x ′ denotes gradient in x ′ ∈ R n−1 . One has to show that I has a sign when ǫ is small in order to give a lower and an upper bound for the Hausdorff dimension of the p-harmonic measure. In fact, the choice ofθ determines the sign of I when ǫ > 0 is sufficiently small, say 0 < ǫ ≤ ǫ 0 where ǫ 0 = ǫ 0 (n, p,θ). When p = 2 then I ′′ (0) = 0 in (5.2) and in order to show that I has a sign one has to calculate I ′′′ (0) and I (4) (0) which are done in [12, 9] . Surprisingly, it is observed in [8] that when p = 2 then the sign of I depends only on p. To simplify calculation, one can approximate ǫθ by a piecewise linear function φ = φ(·, ǫ) so that the sign of I is preserved. That is, if we letΩ := {(x ′ x n ) : x ′ ∈ R n−1 and x n > φ(x ′ )} and ifũ is the p-harmonic function inΩ with continuous boundary value zero on ∂Ω and |x n −ũ(x)| → 0 uniformly as |x| → ∞ for x ∈Ω. Then it is shown in [8] that both I andĨ have same sign wherẽ
We then construct a Wolff snowflake as we described in section 3 relative to ψ(x ′ ) = N −1 φ(x ′ N ) for x ′ ∈ R n−1 and we let Ω 1 := {(x ′ x n ) : x ′ ∈ R n−1 and x n > ψ(x ′ )}. We then repeat the process to obtain Ω ∞ . Let u ∞ , µ ∞ , µ ′ ∞ be the p-harmonic function, p-harmonic measure, and restriction of the p-harmonic measure as in section 3 relative to Ω ∞ .
As observed in [10] , Wolff program in [12] (equivalently) says that It follows from (5.4) and (5.5) that for fixed p ∈ (2 − η, 2 + η), p-harmonic measure µ ′ ∞ and harmonic measure ω ′ ∞ both have the Hausdorff dimension either < n − 1 or > n − 1 when θ 0 is small enough. On the other hand, Corollary 1 in [9] guarantees existence of a Wolff snowflakeΩ ∞ ⊂ R n , n ≥ 3, for which I(ǫ) < 0 =⇒Ĩ(φ, 2) < 0 (5.6) where ω ′ ∞ is harmonic measure forΩ ∞ with respect to a pole in the domain. Here we have used above observations and (5.4) to obtain (5.6). Let p be fixed, p ∈ (2 − η, 2 + η) and letũ ∞ be the p-harmonic function inΩ ∞ with zero continuous boundary values on ∂Ω ∞ and |x n −ũ ∞ (x)| → 0 uniformly as |x| → ∞. Letμ ∞ be the p-harmonic measure associated withũ ∞ as in (1.2). We first use (5.5) and then (5.4) to get I(φ, 2) < 0 =⇒ H − dimμ ∞ < n − 1 when p ∈ (2 − η, 2 + η) for some η > 0 small. Then we conclude that Lemma 4.1 holds forΩ ∞ andμ ∞ . We then repeat the argument in section 4 to get the enlarged domain Ω + ǫ fromΩ ∞ as described in section 4. Letũ be a p-harmonic function inΩ := Ω + ǫ with zero continuous boundary value and letμ be the p-harmonic measure associated withũ as in (1.2) . Following section 4 we can find a compact setK satisfying (4.5) . in view of these observations we conclude the validity of Theorem 1.6.
Remark 5.7. One of the main reason that Theorem 1.6 is stated for n ≥ 3 is that our proof relies on Wolff's result in [12] which is valid only when n ≥ 3. 
